We study the efFect of an isolated impurity on the low-energy properties of a half-odd-integerspin Heisenberg antiferromagnetic chain using both numerical and conformal field theory techniques.
I. INTRODUCTION
In this paper, we consider a large variety of types of magnetic and nonmagnetic defects in a Heisenberg antiferromagnetic chain. The simplest case corresponds to changing the strength of a single link (see Fig. 1 ). A more interesting case corresponds to changing the strengths of two adjacent links, which remain equal to each other (see Fig. 2 ). This could result from substituting another s = z ion for a chain ion. The latter case can be generalized to the substitution of an impurity with s ) z (Fig. 3) . Finally, we consider the coupling of a magnetic impurity of arbitrary s to a single chain-spin (Fig. 4 ).
There are several motivations for this work.
Recently, an approach to the Kondo effect has been developed, based on the separation of charge and spin degrees of freedom in the one-dimensional (1D) electron gas. (The Kondo effect is fundamentally one dimensional, since it involves only the s-wave channel. ) The one-iinpurity Kondo efFect only involves the spin degrees of freedom of the electron gas; at low energies the charge degrees of freedom are unaffected by the interaction. The spin degrees of freedom of the one-dimensional electron gas at low energies are identical to those of the halfinteger-spin Heisenberg antiferromagnet. Hence it is natural to look for a "stripped down" version of the Kondo effect involving a magnetic impurity interacting with the Heisenberg chain.
The effect of an isolated impurity has been studied recentlys in integer spin an-tiferromagnetic chains, which exhibit the Haldane gap, in the bulk excitation spectrum.
It was shown that an open s = 1 chain has efFective s = z degrees of freedom at each end, whose mutual coupling vanishes exponentially with chain length. These excitations are localized within a distance of the order of the correlation length ( (about 7) from the ends of the chain.
A magnetic impurity iueakly coupled to a long chain of length I )) ( can be described simply in terms of its coupling to the effective s = 2i degree of freedom at the chain end. The half-integer case is much difFerent since there is no gap for bulk excitations and the correlation length is infinite. The effect of a magnetic or nonmagnetic impurity now propagates into the chain a distance which is determined by the strength of the coupling and diverges as the coupling goes to zero as in the Kondo effect.
Some of these problems have been considered pre- Fermi-liquid variety; i.e. , it is equivalent to a simple boundary condition on otherwise free fermions, corresponding to a z/2 phase shift, with the screened impurity removed from the low-energy efFective Hamiltonian. In the spin-chain problems considered here the stable fixed points also correspond to simple boundary conditions on otherwise unperturbed chains. The two types of boundary conditions that occur correspond to having no impurity, i.e. , no boundary, or else to cutting the chain at the impurity site as would occur with the insertion of a nonmagnetic impurity into the chain. Low-temperature local properties, such as the impurity susceptibility, are governed by the leading irrelevant operator at the stable fixed point, as in the Kondo effect. The dimensions of these operators are, in general, different than in the simplest version of the Kondo effect, so the analogy does not hold in complete detail.
We analyze these problems using two powerful techniques: the renormalization group, and numerical finitesize scaling. The first approach allows a complete description of the vicinity of either fixed point (no boundary or severed chain). A complete description of all operators and their scaling dimensions is known at these fixed points. This allows us to determine which types of impurity interactions are relevant or irrelevant. It also permits us to make educated guesses about the fiow between these two fixed points, although the crossover regime is beyond the control of these methods. (We can find some additional states for the periodic chain by using translational invariance; however, once we include the impurity this possibility is lost. ) A plot of the lowest-energy gap ver- (Fig. 1) . The corresponding operator can be expressed as the product of two independent boundary spin operators. The continuum limit interaction becomes Fig. 13 shows the dependence on the altered coupling of the first excitation energy for two different lengths, clearly indicating the two fixed points at coupling 0 and l. The parity of the two states reverses at unit coupling. 
II C).
A more interesting case involves altering two adjacent couplings by the same amount (Fig. 2) Fig. 22 ). Consequently the antiferromagnetic couplings to the screening spins correspond to a fer7ornagnetic coupling to the efFec tive impurity. Thus we are led naturally to the hypothesis that the efFective coupling will always be ferromagnetic with a decoupled impurity of size s in the ferromagnetic case and s -I in the antiferromagnetic one.
We will now imagine an "external" impurity of spin s, placed outside a periodic chain and coupled to just one site in the chain (Fig. 4) impurity. For ferromagnetic coupling we expect that the impurity will couple strongly to spin z in the chain and play the role of an antiferromagnetically coupled "internal" impurity of spin s + z, which then will get screened to size sz and eventually decouple as described above.
The screening process is depicted in Fig. 23 . For antiferromagnetic coupling the impurity will get screened directly by the spin in the chain, thereby also making the coupling to the rest of the chain ferromagnetic by the same argument employed above for an internal impurity (see Fig. 22 ). Hence the screened impurity decouples from the chain as shown in Fig. 24 
IV. THERMODYNAMICS
In this section we discuss the thermodynamics of a single impurity in a quantum spin chain. We first con- for an even or odd length. In this limit the free enThe sum over S' runs over integers or half-integers for an even or odd length, corresponding to Z' and Z', respectively. Note that Z is a product of the contributions of the soliton degree of freedom S' with a rigid rotator spectrum, and of the harmonic oscillator degrees of freedom a~. In the low-temperature limit, LT/v~0, the partition function is dominated by the lowest-energy state; i.e. , a singlet for even length or a doublet for odd length. In the opposite limit, LT/v~oo, we find the asymptotic behavior cb"ik(T) = n'LT/3v. The impurity free energy simply gives a temperatureindependent entropy 8 = lng, where the "ground-state degeneracy" g is given by g(R) = 34, 1677 (1986) .
